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Introducción

En esta tesina, presentamos una extensión de un nuevo modelo epidemiológico es-

tocástico basado en procesos de muestreo para considerar poblaciones heterogéneas.

En la primera sección, introducimos el problema y el trabajo existente. En la se-

gunda sección, definimos la extensión del modelo para poblaciones heterogéneas

y presentamos diferentes formas de abordar el problema. En la tercera sección,

definimos el número reproductivo básico del modelo y evaluamos algunas de sus

propiedades. Finalmente, en la última sección, presentamos una aplicación del mod-

elo al caso de COVID-19, considerando las variantes Ómicron y Delta y el impacto

de la transmisión asintomática.

Introduction

In this short dissertation, we introduce an extension of a new stochastic epidemi-

ological model based on sampling processes to consider heterogeneous populations.

In the first section, we introduce the problem and the existing work. In the second

section, we define the extension of the model for heterogeneous populations and

present different ways of tackling the problem. In the third section, we define the

basic reproductive number of the model and evaluate some of its properties. Finally,

in the last section, we present an application of the model to the case of COVID-19,

considering Omicron and Delta variants and the impact of asymptomatic transmis-

sion.

1 Preliminaries

Throughout history, outbreaks of various infectious diseases have significantly impacted
humanity. From the devastating black plague in the 14th century to the unprecedented
challenges posed by the COVID-19 pandemic in the 21st century, these outbreaks have
exacted an enormous toll of human lives and in many socio-economic indicators (Britton
et al., 2019). Therefore, a primary task for public health is to understand how infectious
diseases spread throughout populations to predict, control, and ultimately eradicate pos-
sible outbreaks. Scientific experimentation in this context is complex to design, expensive
to implement, and often falls into unethical territory. That is why mathematical models
are one of the best tools for this task.
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Epidemiological models allow us to optimise resources in the study of epidemic out-
breaks and evaluate the effectiveness of possible control measures by understanding and
predicting epidemiology dynamics at the population level. The approach for modelling
can vary depending on several factors, depending on the objectives of the study. For
example, there are models focused on predicting hospital bed occupancy, evaluating the
effectiveness of possible mitigation measures, or understanding the influence of asymp-
tomatic transmission.

Lying at the foundation of modern epidemiological modelling is the family of SIR-
type models (Allen, 2010; Brauer and Castillo-Chavez, 2012) presented in a seminal work
by Kermack and McKendrick (Kermack and McKendrick, 1927). These models divide
the population into three compartments labelled S, I, and R. We let the non-negative
real numbers S(t), I(t), and R(t) respectively denote the proportion of the population
that is susceptible to disease, infected, and removed from the epidemic process at time t.
Removed individuals can be thought of as isolated from the rest of the population or as
totally and permanently immune to infection.

The simplest form of this model has several assumptions worth remarking. First, it
considers a closed population with no migration, births, or deaths due to other factor.
Therefore, population size is constant, i.e. S(t) + I(t) + R(t) = 1 at all time t. Second,
the model assumes homogeneous mixing: everyone can have contact with anyone else
with the same probability, and individuals are indistinguishable from one another; this
translates to a mean-field assumption that gives rise to the nonlinear dynamics of the
model. Finally, the model is defined in continuous time (t 2 R+) and with population
proportions (S(t), I(t), R(t) 2 [0, 1] for all t � 0). This model is determined by the
following set of three ordinary differential equations

dS

dt
= ��SI,

dI

dt
= �SI � �I,

dR

dt
= �I,

(1.1)

where � is the transmission rate, also thought as the transmission probability given an
infectious contact, and � is the removal rate. Observe that, as the population is constant,
R(t) = 1� S(t)� I(t) and the system (1.1) can be reduced to a system of two equations.

The SIR model (1.1) has a disease-free equilibrium when S = 1 and I = R = 0. We
can also observe that dS

dt
 0 for every t as S(t), I(t), and � are always non-negative.
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Furthermore, dI

dt
> 0 if and only if S(t) > �/�. Therefore, if S(0) < �/�, the proportion

of infections I(t) decreases to zero and there is no epidemic outburst. On the other hand,
if S(0) > �/�, the proportion of infections I(t) increases until it reaches a maximum,
when S(t) = �/�, and then decreases to zero, constituting an epidemic outburst (Brauer
and Castillo-Chavez, 2012). With this insight, one can define the threshold quantity
R0 := �/�, called the basic reproductive number, that determines whether there will be
an epidemic outburst. In that sense, if R0 > 1, there will be an outburst, while if R0 < 1,
the pathogen infection will vanish from the host population.

Recently, we proposed a simple probabilistic model for epidemiology dynamics, hereby
called sED model (Giral-Barajas et al., 2023). This model recovers different types of
deterministic SIR models, builds an extension that takes into account a more realistic
description of the disease history of individuals, and obtains case-fatality ratios that are
closer to those observed in reality (Giral-Barajas et al., 2023). The model is based on
the idea that transitions between epidemiological stages are similar to sampling processes
and are dependent on the elapsed time and routing probabilities towards recovery or
deterioration as defined by pathological or clinical criteria. The basic model assumes that
the number Xh

I
(t) of newly infected people is a binomial random variable sampled from

S(t) individuals, extracted from a total population with size T (t), with probability

ph(t, I) = PI(h)�
I(t)

T (t)
, (1.2)

where � is the probability of infection given an infectious contact, I(t)/T (t) represents
the proportion of infected individuals at time t, and PI(h) represents the probability that
the infection occurs within a time window of length h.

Following infection, the model assumes that some individuals die after becoming in-
fected, and the rest recover. Y h

R
(t) and Y h

D
(t) represent the numbers of people that recover

or die respectively between t and t + h. The probability that a person is removed from
the infected group is assumed to depend only on the physiological state of the individual
facing the infection. To model this progression, we assumed that infected individuals can
either recover within an average time µR or die from disease after an average time µD.
Consequently, the probabilities that a person is removed from the infected group within
a time interval of length h because of recovery or death can be estimated as

ph
s
⇡ hµ�1

s
, s 2 {R,D}. (1.3)

Therefore, the probability of remaining infected within h time units is (1 � ph
R
+ ph

D
).
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The number of newly recovered and deceased people Y h

R
(t) and Y h

D
(t) can be obtained as

outcomes from a Multinomial sample

(Y h

R
(t), Y h

D
(t), I(t)� Y h

R
(t)� Y h

D
(t)) ⇠ Mult(I(t), ph

R
, ph

D
, 1� ph

R
� ph

D
). (1.4)

The dynamics of the epidemiological components are described by the following stochastic
dynamical system, defining the basic sED model,

S(t+ h) = S(t)�Xh

I
(t),

I(t+ h) = I(t) +Xh

I
(t)� (Y h

R
(t) + Y h

D
(t)),

R(t+ h) = R(t) + Y h

R
(t),

D(t+ h) = D(t) + Y h

D
(t).

(1.5)

This basic model allows modelling infection spread in small populations with integer
state variables while maintaining assumptions of a closed population and homogeneous
mixing. On top of that, it falls short on describing accurate case-fatality ratios (CFRs) for
an epidemic coming from infection with shorter hospitalisation times with fatal outcomes
in comparison to recovery times, as was reported during the beginning of the COVID-19
pandemic (Zhou et al., 2020). To address this issue, we proposed an adaptation of the
basic sED, with the main idea being to take into account a more realistic description of the
disease history of individuals. To achieve this, the time course of infection was divided into
different stages that progress towards more severe illness until possibly reaching death in
the absence of recovery (Fig. 2.1 B). In other words, at each infectious stage, the individual
either recovers or advances to a more severe state. At the last infectious stage, recovery or
death are the only possibilities. We omit the equations as they resemble the ones derived
in the following section and can be found in the original study (Giral-Barajas et al., 2023).

The dynamics from this extension of the basic sED model allow the expected time
before recovery to be larger than the expected time before death and still obtain CFRs
similar to those observed in the data of the COVID-19 pandemic. Nevertheless, as the pan-
demic gained ground, significant variability in its progression could be seen between coun-
tries (Hradsky and Komarek, 2021). Even in small groups of people sharing some social,
geographical, and biological characteristics, the heterogeneity produced by a non-shared
characteristic resulted in a wide range of histories of infection and outcomes (Pereira et al.,
2021). Such variability in the development of disease exhibits the urgency in understand-
ing the epidemiology dynamics while considering the diversity of social and biological
factors that characterise individuals.
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2 Epidemiological model for heterogeneous pop-

ulations

The following section presents an original extension of the basic and multistage sED mod-
els (Giral-Barajas et al., 2023). This extension aims to study the epidemiology dynamics
of an infectious disease in a heterogeneous population. We start by diving the total
population in N sub-populations characterised by m traits. Let us consider the vector
v = (v1, . . . , vm) 2 Rm, where each entry describes one biological or socially identifiable
characteristic. For example, vi could represent an individual’s age in years, taking values
in a finite, bounded set of possible ages. An alternative would be to divide the total
population into age groups, and vi would represent the age group. A second example
could be that vi represents a previously diagnosed medical condition that constitutes a
comorbidity in the case of an infection. For instance, we could take vi = 1 if the person
has been previously diagnosed with diabetes or vi = 0 if not. A final example, now of a
social characteristic, would be to consider vi = k for k 2 {1, 2, . . . , l}, for l 2 N, where k

represents the proximity to medical facilities.

Susceptible Recovered

Deceased

A Basic sED

Infected

Diseased

Susceptible Recovered

Infected

Stage 2


Diseased

Stage 1

Deceased

Infected

Stage 3


Diseased

Stage 2

B Multistage sED

Susceptible

Infected

Stage 2


Diseased

Stage 1

Deceased

Infected

Stage 3


Diseased

Stage 2

Infected

Stage 1

Infected

Stage 1

Recovered

C     Multistage sED with profiles            

v1
v2

Figure 2.1: Different dynamical scenarios contemplated by the sED modelling scheme.
Basic sED and multistage sED are outlined in A and B (Giral-Barajas et al., 2023). The
new multistage sED with two profiles (v1 and v2) is outlined in C.
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The characteristics represented in v can be categorical, ordinal or interval data types.
For the sake of simplicity, as each of these data types is a subset of R, we define v as
an element of Rm. From now on, we will refer to the vector v = (v1, . . . , vm), which lists
all the characteristics of an individual, as a profile, and denote P the set of all possible

profiles. It follows that P ✓ Rm and P is finite with cardinality N . Therefore, at each
time t, the total population can be divided into N sub-populations of individuals with
the same profile. That is

T (t) =
X

v2P

⇡v(t)T (t), (2.1)

where ⇡v(t) represents the proportion of individuals with profile v at time t.
We can construct an extension of the multistage sED model with these basic defini-

tions. The central assumption is that individuals with similar profiles will have similar
trajectories relative to infection. Examples of communicable diseases of current impor-
tance where individuals have similar clinical progressions depending on some of their
characteristics include dengue (Sirisena et al., 2021), COVID-19 (Zhao et al., 2019), tu-
berculosis (Trauer et al., 2019), among many well-documented examples. In this way,
if two persons share a profile, they will have the same parameters associated with the
evolution of a multistage sED model; this implies that within each subpopulation, there
is homogeneity. As individual infections progress according to a multistage sED, the
time course of infection is divided into different stages that progress towards more se-
vere illness until possibly reaching death in the absence of recovery. Therefore, for each
profile v 2 P , we represent the sizes of the infected populations at time t by k variables
Iv0 (t), . . . , I

v

k�1(t) with increasing indexes according to the severity of disease (Fig. 2.1 C).
We begin by describing how to model the contagion of susceptible individuals.

2.1 Transition from susceptible to infected
In general, we assume that new infections occur randomly and independently among
susceptible individuals. The probability of infection may depend on factors such as the
duration of exposure to infection h and the amount of available inoculum. With this
paradigm, we now have two possible ways of modelling the transition from susceptible to
infected, which will depend on the profiles of the individuals involved.

6



2.1.1 Static profiles

In a first model, profiles remain fixed over time and are determined a priori within the
population. We portray characteristics such as age, presence of comorbidities, and socioe-
conomic status, among others. An individual does not acquire the profile from another
individual as a result of infection. Thus, the population partition in equation (2.1) is pre-
served in all epidemiological stages, including the susceptible population. Consequently,
for each profile v 2 P , the non-negative integer Sv(t) represents the susceptible population
with profile v at time t (in days).

As infections are independent among individuals, the number of newly infected people
with profile v within a time window of size h at time t, denoted by Xv,h

0 (t), can be
thought as a binomial random variable sampled over the Sv(t) susceptible individuals of
said profile. One possibility is to define the average probability of infection as

pv
h
(I0, . . . , Ik�1, t) = h�v

X

v02P

k�1X

i=0

v
0

i
(t)

Iv
0

i
(t)

T (t)
, (2.2)

where �v is the probability that a susceptible person with profile v gets infected after
having an infectious contact and v

0
i
(t) represents the proportion of infected individuals

at i-th stage of infection with profile v0 that are exposed for an infectious contact with
susceptible individuals. Let us remark that the probability that a susceptible person gets
infected after having an infectious contact depends on their profile through the parameter
�v. In such a way, we can interpret �v as a parameter of how susceptible an individual
with profile v is to the infectious pathogen. Therefore, for each profile v 2 P the sampling
underlying the evolution of the newly infected is given by

Xv,h

0 (t) ⇠ Bin(b"v(t)Sv(t)c, pv
h
(I0, . . . , Ik�1, t)), (2.3)

where "v(t) represents the proportion of exposed susceptible individuals with profile v.
On that account, the number of susceptible individuals with profile v 2 P at time t + h

and in the whole population can be computed as

Sv(t+ h) = Sv(t)�Xv,h

0 (t) y S(t+ h) =
X

v2P

Sv(t+ h), (2.4)

respectively. As an alternative model, we define another type of profile that modifies the
sampling processes determining the transition from susceptible to infected.
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2.1.2 Dynamic profiles

In this model, an individual’s profile may change over time and is initially determined
during infection. We can use this type of profile to model characteristics such as the
variant of a pathogen with which an individual was infected, or the number of times
they have been infected. In contrast with the previous model, an individual acquires a
new profile during contagion. In this case, the population partition in equation (2.1) is
preserved for all epidemiological stages except for the susceptible population. The non-
negative integer S(t) represents the size of the whole susceptible population at time t,
and there is no heterogeneity in susceptibility as none of the susceptible individuals start
with a defined profile.

Analogously to static profiles, the number of newly infected people with profile v within
a time window of size h at time t, denoted by Xv,h

0 (t), can be thought of as a binomial
random variable sampled over the susceptible individuals with average probability of
infection

pv
h
(I0, . . . , Ik�1, t) = h

k�1X

i=0

�v

i
v

i
(t)

Iv
i
(t)

T (t)
, (2.5)

where �v

i
is the probability that a susceptible person gets infected after having contact

with an infected person with profile v at the i-th stage of infection and v

i
(t) represents the

proportion of infected individuals at i-th stage of infection with profile v that are exposed
for an infectious contact with susceptible individuals. We want to remark that, in this
case, the probability that a susceptible person gets infected after having an infectious
contact depends exclusively on the profile of the contagious person with whom they had
contact. In such a way, we can interpret �v

i
as a parameter of how infectious the pathogen

is coming from an individual with profile v at infectious stage i. As there is only one
group of susceptible individuals, the sampling underlying the dynamics must be carried
out simultaneously. So we have that

⇣
X

v1,h
0 (t), . . . , XvN ,h

0 (t), S(t)�
X

v2P
X

v,h
0 (t)

⌘
⇠ Mult

⇣
b"(t)S(t)c, pv1h (I, t), . . . , pvNh (I, t), 1�

X

v2P
p
v
h(I, t)

⌘
, (2.6)

where "(t) represents the proportion of susceptible individuals exposed to infection. In
this way, for each profile v 2 P , the sampling underlying the evolution of the newly
infected is given by

Xv,h

0 (t) ⇠ Bin(b"(t)S(t)c, pv
h
(I0, . . . , Ik�1, t)), (2.7)
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and the number of susceptible individuals at time t + h in the whole population can be
computed as

S(t+ h) = S(t)�
X

v2P

Xv,h

0 (t). (2.8)

A limitation of these profile definitions lies in the probability of infection given an
infectious contact. On the one hand, with static profiles, this probability only depends on
the profile of the susceptible and not on the severity of those infected. On the other hand,
with dynamic profiles, we have a homogeneous susceptible population that is equally
vulnerable to infection. We now describe the progression of an individual through disease
classes once they have been infected.

2.2 Progression of infection through multiple stages
As mentioned earlier, we will represent with k variables Iv0 (t), . . . , I

v

k�1(t) the sizes of the
infected populations at time t for each profile v 2 P . Indexes reflect severity of infection
and disease. At each time step, each infected individual may move forward to the next
infectious stage, recover from the disease, or stay at the same stage. In analogy with the
multistage sED model, we will assume that the probabilities that a person with profile
v in the i-th infectious stage advances to the next stage or recovers, within a small time
interval of length h, are estimated by

p(v,i)
I

⇡ h

µ(v,i)
I

y p(v,i)
R

⇡ h

µ(v,i)
R

, (2.9)

for i 2 {0, . . . , k�1}. Here, for a patient with profile v, µ(v,i)
I

is the mean time they spend
in the i-th infectious stage before moving forward and µ(v,i)

R
is the mean time they spend

in the i-th infectious stage before recovering (Giral-Barajas et al., 2023). The probability
that an individual with profile v remains in the i-th infectious stage within h time units
is (1� p(v,i)

R
� p(v,i)

I
).

To simplify the notation, we identify the number of individuals who die due to disease
at time t, denoted by D(t), with an extra infectious class Ik(t). For each profile v 2 P ,
disease progression dynamics are based on the underlying multinomial samplings, and

Iv
j
(t+ h) = Iv

j
(t) +Xv,h

j
(t)�

⇣
Xv,h

j+1(t) + Y v,h

j
(t)

⌘
, (2.10)

Rv

j
(t+ h) = Rj(t) + Y h

j
(t), (2.11)

Dv

j
(t+ h) = Dv(t) +Xv,h

k
(t), (2.12)
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for j 2 {0, . . . , k � 1}. The total number of infected, recovered, and deceased is given by

I(t+ h) =
X

v2P

k�1X

j=0

Iv
j
(t+ h), (2.13)

R(t+ h) =
X

v2P

k�1X

j=0

Rv

j
(t+ h), (2.14)

D(t+ h) =
X

v2P

Dv(t+ h), (2.15)

where Rv(t) and Dv(t) are the numbers of recovered and deceased individuals with profile
v at time t, and I(t), R(t) y D(t) are the total number of infected, recovered, and deceased
at time t. The sampling underlying disease progression is given by

(Xv,h

j+1(t), Y
v,h

j
(t), Ivj (t)�Xv,h

j+1(t)�Y v,h

j
(t)) ⇠ Mult

�
Ivj (t), p

(v,j)
I

, p(v,j)
R

, 1�p(v,j)
I

�p(v,j)
R

�
, (2.16)

for j 2 {0, . . . , k � 1}. Observe that X 0s represent the number of people that advance
through infectious stages, while Y 0s represent the number of people that recover from
disease.

3 Basic reproductive number

As we saw in the introduction, the reproductive number for the classic SIR model de-
termines whether there is an epidemic outburst or not, and arises from analysing when
the instantaneous rate of change of infected people is positive, dI

dt
> 0. This section will

extend this threshold quantity for the multistage sED model with profiles. First, observe
that, unlike the deterministic SIR, the multistage sED model with profiles is conformed
by random variables that take integer values and progress in discrete time. Therefore,
instead of analysing the infinitesimal increment of infected people, we will analyse the
expected discrete increment given by E

h
�hI(t)

h

i
where �hI(t) = I(t + h) � I(t). Taking

in consideration equations (2.10) and (2.13), it follows that �hI(t) is given by

�hI(t) =
X

v2P

k�1X

j=0

(Xv,h

j
(t)�Xv,h

j+1(t)� Y v,h

j
(t)) =

X

v2P

⇣
Xv,h

0 (t)�Xv,h

k
(t)�

k�1X

j=0

Y v,h

j
(t)

⌘
.
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Therefore, we have that the average change of infected people is given by

E [�hI(t)] =
X

v2P

⇣
E
h
Xv,h

0 (t)
i
� E

h
Xv,h

k
(t)

i
�

k�1X

j=0

E
h
Y v,h

j
(t)

i ⌘
. (3.1)

Observe that E
h
Xv,h

0 (t)
i

depends on the type of profiles used in the model (dynamic

or static) but E
h
Xv,h

k
(t)

i
and E

h
Y v,h

j
(t)

i
do not, as Xv,h

k
(t) and Y v,h

j
(t) are determined

by equation (2.16), which does not take into account profile type. Therefore, we will
develop the analysis without specifying the type of profiles being modelled until the end
of the computations. In this way, considering equations (2.9) and (2.16), we have that
the expected change of infected people is given by

E [�hI(t)] =
X

v2P

⇣
E
h
Xv,h

0 (t)
i
�

hE
⇥
Iv
k�1(t)

⇤

µ(v,k�1)
I

�
k�1X

j=0

hE
⇥
Iv
j
(t)

⇤

µ(v,j)
R

⌘
. (3.2)

Now, the expectations of this equation are not easily calculated directly, since Xv,h

0 (t) and
Iv0 (t), . . . , I

v

k�1(t) are coupled stochastic processes that depend on these values at previous
times. However, at the beginning of the epidemic, when evaluating these processes at
t = 0, these quantities are known and determined as initial conditions. Furthermore, by
evaluating at t = 0 we are studying epidemic outbreaks when the population is largely
susceptible. For those reasons, we evaluate equation (3.2) at t = 0, assuming that the
population is largely susceptible and that there are no individuals in advanced stages of
infection, that is Ij(0) = 0 for every j 6= 0. Consequently

E [�hI(0)] =
X

v2P

⇣
E
h
Xv,h

0 (0)
i
� hIv0 (0)

µ(v,0)
R

� {k=1}
hIv0 (0)

µ(v,0)
I

⌘
, (3.3)

where the indicator function appears in the last term since, in the case of a single stage of
infection, infected individuals who die should be taken into account for the total change
in infected people. Finally, dividing by h and using linearity of the expectation, we obtain
that the expected rate change of infected people at the beginning of the epidemic is

E

�hI(0)

h

�
=

X

v2P

⇣1
h
E
h
Xv,h

0 (0)
i
� Iv0 (0)

µ(v,0)
R

� {k=1}
Iv0 (0)

µ(v,0)
I

⌘
. (3.4)
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Thus, for the expected rate of change in I(0) to be positive, we obtain the following
condition

R0 :=
1

P
v2P Iv0 (0)

⇣
1/µ(v,0)

R
+ {k=1}/µ

(v,0)
I

⌘ · 1
h

X

v2P

E
h
Xv,h

0 (0)
i
> 1. (3.5)

From now on, we will refer to this quantity, R0, as the general expression of the basic

reproductive number for the multistage sED model with profiles or simply general R0.
As mentioned before, the value of E

h
Xv,h

0 (0)
i

depends on the type of profile used in the
model. Therefore, we will analyse the general expression of the basic reproductive number
for models with each type of profile.

Static profiles First, in the case of the static profiles (subsection 2.1.1), it follows
from equations (2.2) and (2.3) that for each profile v 2 P

E
h
Xv,h

0 (0)
i
= b"v(0)Sv(0)ch�v

X

v02P

v
0

0 (0)
Iv

0
0 (0)

T (0)
.

Therefore, in this case, we have that the general expression of the basic reproductive
number takes the following value

Rs

0 =

P
v2Pb"v(0)Sv(0)c�v

P
v02P v

0
0 (0)

I
v0
0 (0)
T (0)

P
v2P Iv0 (0)

⇣
1/µ(v,0)

R
+ {k=1}/µ

(v,0)
I

⌘ . (3.6)

From now on, we will refer to this particular expression of the general R0, denoted by Rs

0,
as basic reproductive number for the multistage sED model with static profiles or simply
R0 for static profiles.

Dynamic profiles Considering now dynamic profiles (subsection 2.1.2), it follows
from equations (2.5) and (2.6) that for each profile v 2 P

E
h
Xv,h

0 (0)
i
= b"(0)S(0)ch�v

0
v

0(0)
Iv0 (0)

T (0)
.

Thus, in this case, we have that the general expression of the basic reproductive number
boils down to

Rd

0 =

P
v2Pb"(0)S(0)c�v

0
v

0(0)
I
v
0 (0)
T (0)

P
v2P Iv0 (0)

⇣
1/µ(v,0)

R
+ {k=1}/µ

(v,0)
I

⌘ . (3.7)
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In line with previous cases, from now on, we will refer to this particular expression of the
general R0, denoted by Rd

0, as basic reproductive number for the multistage sED model

with dynamic profiles or simply R0 for dynamic profiles.
As one can observe from equations (3.6) and (3.7), the basic reproductive number

with static profiles and the basic reproductive number with dynamic profiles have similar
expressions; the only difference lies in the numerator. Note that if �v = � for all v 2 P
in equation (3.6) and �v

0 = � for all v 2 P in equation (3.7) then we obtain the same
expression for the basic reproductive number with dynamic and static profiles. This
expression is given by

R0 =
�
P

v2Pb"(0)S(0)cv

0(0)
I
v
0 (0)
T (0)

P
v2P Iv0 (0)

⇣
1/µ(v,0)

R
+ {k=1}/µ

(v,0)
I

⌘ .

Therefore, if we are modelling the dynamics of an infectious disease for which the probabil-
ity of infection given an infectious contact is the same for all individuals in the population,
we would have the same basic reproductive number regardless of the type of profile used.
This is because in this case, profiles do not have relevance at the beginning of the epidemic.

3.1 Multistage sED and deterministic SIR-type models
from sED with profiles

In the same way that the sED model with profiles is an extension of the basic and mul-
tistage sED models, we would like Rd

0 and Rs

0 to be an extension of the R0 for these
two models. To corroborate this, we consider the special case when we only have one
profile, let us say P = {v1}, representing a homogeneous population. In this case, the
basic reproductive number for the multistage sED with static profiles, defined in equation
(3.6), simplifies to

Rs,v1
0 =

1

1/µ(v1,0)
R

+ {k=1}/µ
(v1,0)
I

�v1v1
0 (0)

b"(0)S(0)c
T (0)

, (3.8)

where "(0) = "v1(0) and Sv1(0) = S(0) as the profile v1 represents a whole, homogeneous
population. On the other hand, the basic reproductive number for the multistage sED
with dynamic profiles, defined in equation (3.7), boils down to

Rd,v1
0 =

1

1/µ(v1,0)
R

+ {k=1}/µ
(v1,0)
I

�v1
0 v1

0 (0)
b"(0)S(0)c

T (0)
, (3.9)
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where "(0) = "v1(0) and Sv1(0) = S(0) as the profile v1 represents a whole, homogeneous
population. In both cases, we recover the expression of the basic reproductive number for
the multistage sED (Giral-Barajas et al., 2023). Once again, the only difference in the
expressions obtained in both cases lies in the probability of infection given an infectious
contact. In this simplified case, if �v1 for the static profiles is the same as �v1

0 for the
dynamic profiles (both equivalent to �), we obtain the same value of Rv1

0 , given by

Rv1
0 =

1

1/µ(v1,0)
R

+ {k=1}/µ
(v1,0)
I

�v1
0 (0)

b"(0)S(0)c
T (0)

.

Furthermore, we would like the R0 of the sED model with profiles not only to recover
the R0 of the basic sED and the multistage sED, but also to recover the R0 of SIR-type
models. Taking this into account, let us consider the case with one profile, totally exposed
susceptible population, and totally exposed infected population (v1

0 (0) = "v1(0)=1).
Since µ(v1,0)

R
is the average time within which an individual clears the pathogen at the

first stage of infection and recovers, then 1/µ(v1,0)
R

is the mean rate at which newly in-
fected people recover every time unit, given by � in the SIR model. Therefore, if we have
more than one stage of infection (k > 1), equations (3.8) and (3.9) respectively become

Rs,v1
0 =

S(0)

T (0)

�v1

�
and Rd,v1

0 =
S(0)

T (0)

�v1
0

�
, (3.10)

and we recover the usual R0 for the deterministic SIR (Brauer and Castillo-Chavez, 2012),
since S(0)/T (0) ⇡ 1 and

R0 =
�

�
. (3.11)

As observed in the previous cases, if �v1 = �v1
0 = � then we have equality between

equations (3.10) and (3.11). Moreover, if we have a unique stage of infection (k = 1), the
mean rate at which infected people die each time unit is 1/µ(v1,0)

R
, given by � in the SIRD

model. Therefore, if we have one stage of infection, totally exposed susceptible population,
and totally exposed infected population, equations (3.8) and (3.9) respectively take the
form of

Rs,v1
0 =

S(0)

T (0)

�v1

� + �
and Rd,v1

0 =
S(0)

T (0)

�v1
0

� + �
. (3.12)

That being the case, we recover the usual R0 for the deterministic SIRD (Shringi et al.,
2021) since S(0)/T (0) ⇡ 1 and

R0 =
�

� + �
. (3.13)

Finally, given that �v1 = �v1
0 = � we have equality between equations (3.12) and (3.13).
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3.2 R0 as a weighted average
As demonstrated in the last subsection, the total exposure of susceptible and infected
individuals represents a special case in terms of expressions obtained for the general basic
reproductive number. On that account, in this section, we explore the total exposure of
susceptible and infected individuals with several profiles ("v(0) = v

0(0) = 1 for all v 2 P).
In this case, the basic reproductive number with static profiles (3.6) collapses to

Rs

0 =
S(0)

T (0)

P
v2P ⇡(v)�v

P
v2P ⇡(v)

⇣
1/µ(v,0)

R
+ {k=1}/µ

(v,0)
I

⌘ . (3.14)

On the other hand, the basic reproductive number with dynamic profiles (3.7) simpli-
fies to

Rd

0 =
S(0)

T (0)

P
v2P ⇡(v)�v

0
P

v2P ⇡(v)
⇣
1/µ(v,0)

R
+ {k=1}/µ

(v,0)
I

⌘ . (3.15)

These expressions are obtained by considering Sv(0) = ⇡v(0)S(0) for equation (3.14)
and Iv0 (0) = ⇡v(0)I0(0) for equation (3.15). The only difference between them lies in the
probabilities of infection given an infectious contact �v and �v

0 . Both expressions show
that the rates of change in the infected population depend on the weighted average of
the probabilities of infection and the mean rates of recovery and death at group level, as
observed for several models.

Now, assuming that there is at least one infectious individual from each profile at the
beginning of the epidemic (Iv0 (0) � 1 for every v 2 P), it follows directly from equation
(3.6) that in the case of static profiles

Rs

0 
P

v2Pb"v(0)Sv(0)c�v
P

v02P v
0

0 (0)
I
v0
0 (0)
T (0)

P
v2P 1/µ(v,0)

R
+ {k=1}/µ

(v,0)
I

.

On the other hand, it follows from equation (3.7) that in the case of dynamic profiles

Rd

0 
P

v2Pb"(0)S(0)c�v

0
v

0(0)
I
v
0 (0)
T (0)

P
v2P 1/µ(v,0)

R
+ {k=1}/µ

(v,0)
I

.

Therefore, in the case of total exposure of susceptible and infected individuals with several
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profiles, we have that for static profiles

Rs

0 
S(0)

T (0)

X

v2P

⇡(v)
�v

1/µ(v,0)
R

+ {k=1}/µ
(v,0)
I

=
X

v2P

⇡(v)Rs,v

0 ,

where Rs,v

0 is the basic reproductive number for multistage sED with one static profile
given by equation (3.8) at the end of subsection 3.1. On the other hand, in the same case
with dynamic profiles, we have that

Rd

0 
S(0)

T (0)

X

v2P

⇡(v)
�v

0

1/µ(v,0)
R

+ {k=1}/µ
(v,0)
I

=
X

v2P

⇡(v)Rd,v

0 ,

where Rd,v

0 is the basic reproductive number for multistage sED with one dynamic profile
given by equation (3.9) at the end of subsection 3.1.

Hence, the basic reproductive number in the case of the total exposure of susceptible
and infected individuals is bounded from above by the weighted average of the basic re-
productive numbers of each profile. This upper bound describes the basic reproductive
number for different deterministic and stochastic epidemiological models with heteroge-
neous populations (Ellison, 2020; Saldaña and Velasco-Hernández, 2022). This bound
allows us to compare the basic reproductive number obtained for the multistage sED
with profiles, with the basic reproductive number obtained for previous models with het-
erogeneous populations. In particular, we know that if in our model there is an epidemic
outbreak (i.e. R0 > 1), then there will also be one in the other models. On the other
hand, the case in which the R0 of the multistage sED with profiles is less than one, but the
weighted average of the Rv

0 of each profile is greater than one constitutes an interesting
case. On top of that, the model allows us to find groups most vulnerable to an infectious
disease regardless of whether it will end in an epidemic and thus focus prevention efforts
on them.

Given that in this case
P

v2P ⇡(v)Rv

0 > 1, there exists a profile, let us say v⇤, for
which Rv

⇤
0 > 1. In this subpopulation, there will be an epidemic outbreak. However,

as the overall R0 < 1, this outbreak will not affect the whole population. This suggests
that there could be epidemic outbreaks within specific groups (those more vulnerable to
infection) while not becoming epidemic outbreaks in the whole population. This analysis
provides valuable information, as it allows us to study diseases that may go unnoticed for
general public while affecting higher-risk groups.
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4 Applications: asymptomatic and symptomatic

COVID-19

COVID-19 symptoms can range from very mild to severe. Furthermore, some people
may have no symptoms but can spread it nevertheless (asymptomatic transmission). The
number of asymptomatic cases may be the leading underlying cause of large epidemic
outbreaks (Gerba, 2009). During COVID-19 pandemic, several variants of SARS-CoV-2
exhibited radically different behaviours, like Delta (B.1.617.2) and Omicron (B.1.1.529).
When Delta dominated (July 2021 to November 2021), studies estimated around 40% of
unreported infections, while Omicron (December 2021 to March 2022), was associated
with 70% unreported infections (Sigal et al., 2022). Experts believe that asymptomatic
contagions may have been an essential source of transmission during COVID-19 pandemic
(Day, 2020). In the eyes of Delta and Omicron variants, and their proportions of asymp-
tomatic people, this makes sense since Omicron was transmitted more easily than Delta.
Regardless of the increase in cases, the case-fatality ratio for Omicron was fewer than for
Delta, with estimates of 0.70% for Omicron, compared to 2.01% for Delta (Xia et al.,
2024).

To address this issue, we use the multistage model with static profiles (subsection
2.1.1) to represent asymptomatic and symptomatic individuals. We will define the profile
v = 0 if the individual is asymptomatic and v = 1 if the individual presents symptoms
when infected. In general, in the sED modelling scheme, it is assumed that a person may
recover from any infectious state, and disease cannot reach a certain degree of severity
without previously visiting all disease stages of less severity. Here, we allow an infected and
symptomatic individual, with profile v = 1, to move through all severity stages, according
to the multinomial sampling defined in subsection 2.2. In contrast with that, an infected
but asymptomatic individual, with profile v = 0, will only be allowed to progress to
an infectious state corresponding to mild or no symptoms. Note that this implies that
an asymptomatic individual never dies from this infection. Furthermore, the infected
asymptomatic individuals will have higher exposure than the infected symptomatic ones,
as they could be unaware of the infection.

This model can be formulated in terms of the routing probabilities and the mean time
spent in each infection stage, (rv

Ii
, rv

Ri
, ⌧̄ v

Ii
) (Giral-Barajas et al., 2023). We can rewrite the
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probabilities of moving to the next infectious class or recovering in equation (2.9) as

p(v,i)
I

⇡ h

µ(v,i)
I

=
rv
Ii

⌧̄ v
Ii

y p(v,i)
R

⇡ h

µ(v,i)
R

=
rv
Ri

⌧̄ v
Ii

. (4.1)

Therefore, we begin by adjusting a multistage sED model for Delta and Omicron variants
with routing probabilities towards recovery and death, and mean time endued in each
infectious stage recovered from (study group, 2023). Observe that because we have not
introduced any profiles yet, we are not considering asymptomatic cases explicitly. To
simulate the dynamics of the epidemic, we programmed the model presented in section 2
in Python using the data presented in Table 1.

Table 1: Notation and values used for simulations with the multistage sED model for
Delta and Omicron variants. (study group, 2023; Tan et al., 2023; Trobajo-Sanmartín
et al., 2022).

Symbol Values Units Variant Description
T0 1000 persons — Initial population size
S0 990 persons — Initial size of susceptible population
I0 10 persons — Initial size of infected population
R0 0 persons — Initial size of recovered population
D0 0 persons — Initial size of population dead due to disease
�D 0.26 — Delta Probability of infection given a contact with an

infected person with Delta variant
rD
I0

1 — Delta Routing probability for the first infectious class
rD
I1

0.63 — Delta Routing probability for the second infectious class
rD
I2

0.23 — Delta Routing probability for the third infectious class
rD
I3

0.16 — Delta Routing probability for the fourth infectious class
⌧̄D
I0

9 days Delta Mean time elapsed in first infectious class
⌧̄D
I1

2 days Delta Mean time elapsed in second infectious class
⌧̄D
I2

4 days Delta Mean time elapsed in third infectious class
⌧̄D
I3

13 days Delta Mean time elapsed in fourth infectious class
�O 0.26 — Omicron Probability of infection given a contact with an

infected person with Omicron variant
rO
I0

1 — Omicron Routing probability for the first infectious class
rO
I1

0.502 — Omicron Routing probability for the second infectious class
rO
I2

0.12 — Omicron Routing probability for the third infectious class
rO
I3

0.16 — Omicron Routing probability for the fourth infectious class
⌧̄O
I0

7 days Omicron Mean time elapsed in first infectious class
⌧̄O
I1

2 days Omicron Mean time elapsed in second infectious class
⌧̄O
I2

5 days Omicron Mean time elapsed in third infectious class
⌧̄O
I3

8.5 days Omicron Mean time elapsed in fourth infectious class
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Simulations without asymptomatic infections using the multistage sED already present
low CFR values (Fig. 4.2, panels C and F), as observed for the Delta variant. However,
the CFR for Omicron variant turns out to be higher than expected. On top of that, the
infection curves for Omicron and Delta are very similar (Fig. 4.2, panels B and E), while
the Omicron curve should have a larger peak than the Delta one.

Figure 4.2: Dynamics of the multistage sED adjusted for Omicron (A-C) and Delta (D-
F) without asymptomatic cases. The routing probabilities are rI0 = 1, rI1 = 0.502,
rI2 = 0.12, rI3 = 0.16, and the mean times spent in each infectious stage are ⌧̄I0 = 7,
⌧̄I1 = 2, ⌧̄I2 = 5, ⌧̄I3 = 8.5 while for the Delta variant rI0 = 1, rI1 = 0.63, rI2 = 0.23,
rI3 = 0.16, and ⌧̄I0 = 9, ⌧̄I1 = 2, ⌧̄I2 = 4, ⌧̄I3 = 13 (see Table 1). Furthermore the exposure
in both cases is 0 = 1, 1 = 0.6, 2 = 0.3, and 3 = 0.1. Finally, the probability of
infection given an infectious contact was � = 0.36 for Omicron and � = 0.26 for Delta.

To better describe the dynamics of each variant, we introduce a profile for asymp-
tomatic infections that complements the original profile for symptomatic infections, as
mentioned before. In this case, we let asymptomatic individuals progress until second
infectious stage before recovering from disease. Following the observed proportion of un-
reported infections, we will model the population as 70% asymptomatic and 30% symp-
tomatic for Omicron (⇡(0) = 0.7 and ⇡(1) = 0.3) and 40% asymptomatic and 60%
symptomatic for Delta (⇡(0) = 0.4 and ⇡(1) = 0.6).

Simulations considering the impact of asymptomatic transmission obtain CFRs closer
to those observed for variants for which the asymptomatic proportion is higher, such as
Omicron, and maintain the already well-fitted CFRs for variants with lower asymptomatic
proportion, such as Delta (Fig. 4.3, panels C and F). Furthermore, in the simulations for
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Omicron, the model predicts a higher number of infected people, of which the majority
are asymptomatic (Fig. 4.3, panel B green curve). In this way, the multistage sED with
asymptomatic and symptomatic profiles, allows us to reproduce dynamics similar to those
observed throughout the COVID-19 pandemic for the Delta and Omicron variants.

Figure 4.3: Dynamics of the multistage sED with profiles adjusted for Omicron (A-C)
and Delta (D-F) with symptomatic and asymptomatic cases. The routing probabilities
and mean times for symptomatic cases for both variants are the same as Figure 4.2. For
the Omicron variant ⇡(0) = 0.7 and ⇡(1) = 0.3, and the routing probabilities and mean
times for asymptomatic are r0

I0
= 1, r0

I1
= r0

I2
= r0

I3
= 0, and ⌧̄ 0

I0
= ⌧̄ 0

I1
= 7, ⌧̄ 0

I2
= ⌧̄ 0

I3
= 1.

For the Delta variant ⇡(0) = 0.4 and ⇡(1) = 0.6, and the routing probabilities and mean
times for asymptomatic are r0

I0
= 1, r0

I1
= r0

I2
= r0

I3
= 0, and ⌧̄ 0

I0
= ⌧̄ 0

I1
= 9, ⌧̄ 0

I2
= ⌧̄ 0

I3
= 1.

Furthermore the symptomatic exposition for both cases is 0 = 1, 1 = 0.6, 2 = 0.3,
and 3 = 0.1, and the asymptomatic exposition for both cases is 0 = 1 = 2 = 3 = 1.
Finally, the probability of infection given an infectious contact was � = 0.36 for Omicron
and � = 0.26 for Delta.

Despite being a simple example of the use of profiles, it demonstrates the power of this
model. We obtain considerably different dynamics from the multistage sED by introducing
a single input profile with only two possible values. The first notable result is the increase
in the infected curve for Omicron, for which more than half of the population gets to be
infectious at one point, and reproducing the lower case-fatality ratio. The second notable
result is how, when considering different asymptomatic proportions for the Delta and
Omicron variants with a difference of less than double, the resulting incidence in CFR is
more than three times.
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